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1 Introduction
Gauge/gravity duality [1] may be thought of as a practical tool to study strongly-coupled
systems near critical points where the system exhibits a scaling symmetry. Generally at a
critical point the system may be described by a conformal field theory (CFT). From the
gauge/gravity point of view this means that the gravitational theory is defined on a metric
which is asymptotically locally Anti-de Sitter (AdS).
On the other hand, in many physical systems critical points are governed by dynamical
scalings in which, even though the system exhibits a scaling symmetry, space and time scale
differently under this symmetry. A prototype example of such critical points is a Lifshitz
fixed point where the system is spatially isotropic and scale invariant, though there is an
anisotropic scaling in the time direction characterized by a dynamical exponent, z. More
precisely the system is invariant under the following scale symmetry
r → λzr, xi → λxi, (1.1)
where t is time and xi are spatial coordinates of a d dimensional space (in our case the d
dimensional space is Rd).
In the framework of gauge/gravity duality it is then important to find gravitational
theories that provide a gravity description of Lifshitz fixed points. Indeed, such a gravity
dual for the Lifshitz fixed point was introduced in [2] where the authors considered a
gravitational theory which admits a solution exhibiting the above scaling symmetry (see
also [3] for earlier work on a geometry with Lifshitz scaling.). The corresponding metric
may be written as
ds2 = −r2zdt2 + r2
d∑
i=1
dx2i +
dr2
r2
. (1.2)
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In terms of bottom-up model building, a natural set-up to consider is Einstein-Maxwell-
Dilaton (EMD) theory, a setting in which numerous studies of Lifshitz-like black brane
geometries have already appeared [4–16]. As is well appreciated at this stage, with the
inclusion of dilaton and Abelian gauge fields, it is possible to find even more sophisticated
metrics generalizing Lifshitz which, on top of an anisotropic scaling, have also an overall
hyperscaling factor. More precisely, one may have a geometry in the form of [6]
ds2 = r
−2θ
d
(
−r2zdt2 + r2
d∑
i=1
dx2i +
dr2
r2
)
, (1.3)
where the constants z and θ are dynamical and hyperscaling violation exponents, respec-
tively. This geometry has been the subject of considerable recent attention and hyper-
scaling violating Lifshitz solutions have been found in a host of different settings [17–22].
This is the most general geometry which is spatially homogeneous and covariant under the
following scale transformations
t→ λzt, r → λ−1r, xi → λxi, dsd+2 → λ
θ
ddsd+2. (1.4)
Note that with a non-zero θ, the distance is not invariant under the scaling which in the
context of AdS/CFT indicates violations of hyperscaling in the dual field theory. More
precisely, while in (d+ 1)-dimensional theories without hyperscaling, the entropy scales as
T d/z with temperature in the present case where the metric exhibits hyperscaling, it scales
as T (d−θ)/z [23, 24].
An interesting feature of the above metric is that for the special value of the hyperscal-
ing violation exponent θ = d − 1, the holographic entanglement entropy [30, 31] exhibits
a logarithmic violation of area law [24, 32, 33], indicating that the background (1.3) could
provide a gravitational dual for a theory with an O(N2) Fermi surface, where N is the num-
ber of degrees of freedom, or alternatively the number of colors for an SU(N) gauge theory.
These observations indicate that backgrounds whose asymptotic behavior coincides
with the above metric may be of interest to condensed matter physics, thus making it
natural to further explore gauge/gravity duality for these backgrounds, some of the aspects
of which have already been touched upon in [25, 26]. As the eventual goal of this program
is to make contact with condensed matter, a natural generalisation involves backgrounds
with finite charge density. Recently, we have witnessed the first construction of finite
temperature and finite charge density solutions in a top-down construction with probe D-
branes [27]. Here, as a further step in this direction, we identify what we believe to be
the first back-reacted hyperscaling violating backgrounds with non-zero temperature and
charge. This extends hyperscaling geometries in EMD theories at finite temperature [24,
25, 28] to finite charge density.
This article is organized as follows. In the next section we will find hyperscaling
violating charged black brane solutions in an EMD theory with a non-trivial potential
for the dilaton. We observe that the presence and the form of the potential is crucial
to have the solution. We shall also show that at zero temperature where the solution
is extremal, the near-horizon geometry develops an AdS2 factor indicating that theories
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with hyperscaling violation at finite charge density and zero temperature may be described
by an IR fixed point. In section three we study holographic entanglement entropy for
a hyperscaling violating black brane solution, where we explore how the non-zero charge
affects the entanglement entropy. In section four we probe the background by a charged
fermion where we investigate the possibility of having an O(N0) Fermi surface in the model.
In section five we study optical conductivity for theories with hyperscaling violation. The
last section is devoted to discussions, in particular, those related to candidate embeddings.
Note added. While we were writing up we became aware of further Lifshitz solutions
with hyperscaling violation [29].
2 Gravity solution
In this section we introduce our Einstein-Maxwell-Dilaton model and illustrate hyperscaling
violating charged black branes for this theory. For the asymptotically Lifshitz geometry
an instructive analytic solution for charged black branes has been found [14]. To find such
a solution one needs at least two U(1) gauge fields coupled to a scalar field. The first
U(1) together with the scalar field is necessary to generate an anisotropic scaling, while the
second one is required to have a charged solution. It is also possible to find asymptotically
charged black holes as well. For this purpose one should add another U(1) gauge field to
be responsible for the compacted horizon [14].
To find hyperscaling violating charged black branes we will closely follow the approach
of [14]. We note, however, that in order to get a non-trivial hyperscaling factor, besides
the action considered in [14], the model considered here has to have a non-trivial potential
for the scalar field as well. In what follows we only consider the model with two U(1)
gauge fields and therefore we will find black branes charged under one U(1) gauge field.
We expect that it is straightforward to generalize for black holes with more gauge fields.
To proceed we consider a minimal model as follows
S = − 1
16πG
∫
dd+2x
√−g
[
R− 1
2
(∂φ)2 + V (φ)− 1
4
2∑
1=1
eλiφF 2i
]
, (2.1)
where we have not confined ourselves to any particular dimensionality. For the potential
of the scalar field, motivated by the typical exponential potentials of string theory, we will
consider the following potential1
V = V0e
γφ. (2.2)
Here λ1, λ2, γ and V0 are free parameters of the model. We will see that with this simple
potential, the model does, indeed, admit solutions with hyperscaling violation.
1Note that we do not expect to find this potential in string theory truncations of AdS vacua, but those
of domain walls, i.e. the near-horizon of various branes.
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The equations of motion of the above action read
Rµν +
V (φ)
d
gµν =
1
2
∂µφ∂νφ+
1
2
2∑
i=1
eλiφ
(
F ρi µFi ρν −
gµν
2d
F 2i
)
,
∇2φ = −dV (φ)
dφ
+
1
4
2∑
i=1
λie
λiφF 2i , ∇µ
(√−geλiφFµνi ) = 0. (2.3)
Let us consider the following ansatz for the metric, scalar and gauge field
ds2 = r2α
(
−r2zf(r)dt2 + dr
2
r2f(r)
+ r2d~x2
)
, φ = φ(r), Fi rt 6= 0, (2.4)
and assume that the other components of gauge fields are set to zero.
From the Maxwell equations of motion, using the above ansatz, one finds
Fi rt = e
−λiφrα(2−d)+z−d−1ρi. (2.5)
Then by combining the tt and rr components of the Einstein equation one has
Rtt −Rrr = −
1
2
grr(∂rφ)
2. (2.6)
On the other hand, by calculating the Ricci tensor for our ansatz we get
Rtt −Rrr = −d(α+ 1)(α+ z − 1)r−2αf(r). (2.7)
Plugging this expression back into the equation (2.6) one can determine scalar field
as follows
eφ = eφ0r
√
2d(α+1)(α+z−1) = eφ0rβ. (2.8)
Note that in order to have a well defined solution one has to assume (α+1)(α+z−1) ≥ 0.
Indeed it can be seen that this assumption is a consequence of the null energy condition.
More precisely consider a null vector as [14] ξµ = (
√
grr,
√
gtt, 0), then
Tµνξ
µξν ∼ Rrr −Rtt = d(α+ 1)(α+ z − 1)r−2αf(r) ≥ 0, (2.9)
which in turn translates into (α+ 1)(α+ z − 1) ≥ 0.
To find the metric one utilizes the other components of the Einstein equations. Indeed
for our ansatz one has
Rxx = −(α+ 1)r−α(d+2)−z−d+1
(
rd(α+1)+zf(r)
)′
, (2.10)
where, as in standard practice, a prime represents derivative with respect to r. Therefore
the xx component of the Einstein equations of motion reads
(
rd(α+1)+zf(r)
)′
=
rα(d+2)+z+d−1
(α+ 1)
(
V0e
γφ
d
− 1
2d
2∑
i=1
e−λiφρ2i r
−2d(α+1)
)
. (2.11)
Using the solution of φ (2.8) one arrives at
(
rd(α+1)+zf(r)
)′
=
rα(d+2)+z+d−1
(α+ 1)
(
V0e
γφ0rγβ
d
− 1
2d
2∑
i=1
e−λiφ0ρ2i r
−2d(α+1)−λiβ
)
, (2.12)
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which can be integrated to find the function f of the metric as follows
f(r) = −mr−dα−z−d + V0e
γφ0rγβ+2α
d(α+ 1)(γβ + α(d+ 2) + z + d)
−
2∑
i=1
ρ2i e
−λiφ0 r
−2α(d−1)−βλi−2d)
2d(α+ 1)(α(2− d) + z − d− βλi) , (2.13)
where m is a constant which can be related to the mass of the black brane.
With this expression, we have found all functions involved in the ansatz (2.4). The
resulting solution has seven free parameters: α, z,m, φ0, ρ1, ρ2 and the radius of the metric
which has already been set to unity. On the other hand the action has four free parame-
ters λ1, λ2, γ and V0. Therefore four parameters of the solution can be fixed by the four
parameters of the model yielding a solution with three parameters which correspond to the
mass, charge and the value of the scalar field, let’s say, at horizon.
Note that so far we have not used all equations of motion. Indeed, in order, to find
the parameters of the solution in terms of those in the action, we now utilize the remaining
equations of motion. To proceed, we note that in order to maintain the asymptotic behavior
of the hyperscaling violating metric, as it is evident from the expression of f , one must fix
γ as follows
γ = −2α
β
. (2.14)
From this expression it is clear that to find a charged black brane (hole) with hyperscaling
violating factor, it is crucial to have a non-trivial potential.
From the equation of motion of the scalar field, we get
(
4β
d(α+ 1)
− 8α
β
)
V0e
−2αφ/β =
2∑
i=1
eλiφF 2i
(
λi − β
d(α+ 1)
)
(2.15)
This equation can be solved for parameters λ1, λ2 and ρ1. Actually this equation may be
solved in different, but rather equivalent, ways. In particular one may find2
λ1 = − 2α(d− 1) + 2d√
2d(α+ 1)(α+ z − 1) , λ2 =
√
2(α+ z − 1)
d(α+ 1)
, ρ21 =
2V0(z − 1)e−
√
2d(α+1)
α+z−1
φ0
dα+ d+ z − 1 .
(2.16)
With these expressions, ρ2 remains as an undetermined free parameter which, indeed, can
be identified with the charge of the solution. The last parameter, V0, may also be fixed by
setting the constant term in the expression of f to one. Doing so, one arrives at
V0 = e
2αφ0√
2d(1+α)(−1+z+α) (dα+ z + d− 1)(dα+ z + d). (2.17)
With this equation we have fixed all four free parameters, though there are still unused
equations of motion. It is, then, important to check whether the other equations hold
2It is worth mentioning that instead of finding the parameters of the solution in terms of those in action,
we have fixed the action in terms of parameters of the solution.
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without imposing any further constraints on the parameters of the solution. In particular
one of the non-trivial equations need to be checked is the tt component of the Einstein
equations of motion. Indeed it is easy to see that this equation is also satisfied without
imposing any further constraints.
Therefore, to summarize, we note that the action (2.1) admits hyperscaling violating
charged black brane solutions which can be recast to the following form3
ds2 = r−2
θ
d
(
−r2zf(r)dt2 + dr
2
r2f(r)
+ r2d~x2
)
,
F1 rt =
√
2(z − 1)(z + d− θ)e
θ(1−d)/d+d√
2(d−θ)(z−1−θ/d)
φ0
rd+z−θ−1,
F2 rt = Q
√
2(d− θ)(z − θ + d− 2)e−
√
z−1−θ/d
2(d−θ)
φ0 r−(z+d−θ−1),
eφ = eφ0r
√
2(d−θ)(z−1−θ/d), (2.18)
with4
f(r) = 1− m
rz+d−θ
+
Q2
r2(z+d−θ−1)
. (2.19)
This is indeed a charged black brane solution whose radius of horizion, rH , is obtained by
setting f = 0 which leads to the following algebraic equation for rH :
r
2(d+z−θ−1)
H −mrd+z−θ−2H +Q2 = 0. (2.20)
The corresponding Hawking temperature is also found
T =
(d+ z − θ)rzH
4π
(
1− (d+ z − θ − 2)Q
2
d+ z − θ r
2(θ−d−z+1)
H
)
. (2.21)
Therefore the extremal limit is given by
r
2(d+z−θ−1)
H =
(d+ z − θ − 2)
d+ z − θ Q
2, (2.22)
in which case the function f reads
f = 1− 2(d+ z − θ − 1)
d+ z − θ − 2
(rH
r
)d+z−θ
+
d+ z − θ
d+ z − θ − 2
(rH
r
)2(d+z−θ−1)
. (2.23)
In this limit it is easy to see that the solution near the horizon develops an AdS2 × Rd−1
geometry. More precisely, in the extremal case one can consider the following change
of coordinates
r − rH = ǫr
2
H
(d+ z − θ)(d+ z − θ − 1)ζ , t =
τ
ǫrzH
. (2.24)
3Note that in order to follow the standard notation in the literature we set α = −θ/d, where θ ≥ 0 is
the hyperscaling violation exponent. Observe also that this solution is not valid for θ = d where α = −1.
4As a consistency check, we note that for d+ z − θ = 2, this solution reduces to an uncharged solution
obtained in [25].
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Then the near-horizon limit is defined by the limit ǫ→ 0 for which the solution (2.18) reads
ds2 = r
2−2 θ
d
H
( −dτ2 + dζ2
(d+ z − θ)(d+ z − θ − 1)ζ2 + d~x
2
)
,
A1τ =
√
2(z − 1)(z + d− θ)
(d+ z − θ)(d+ z − θ − 1)
e
θ(1−d)/d+d√
2(d−θ)(z−1−θ/d)
φ0
rθ−d−1H
1
ζ
,
A2τ =
Q
√
2(d− θ)(z − θ + d− 2)
(d+ z − θ)(d+ z − θ − 1)
e
−
√
z−1−θ/d
2(d−θ)
φ0
r2z+d−θ−3H
1
ζ
,
eφ = eφ0r
√
2(d−θ)(z−1−θ/d)
H , (2.25)
which is AdS2 ×Rd with two charges.
Following the general idea of gauge/gravity duality we would like to consider the so-
lution (2.18) as a gravitational background dual to a theory with hyperscaling violation at
finite temperature and finite charge density. We note that the gravitational description of
theories with hyperscaling violation at finite temperature has already been studied in [25].
Actually the aim of the following sections is to further explore the holographic description
of the theories with hyperscaling violation when the effect of charge has also been taken
into account.
As an observation, we note that due to non-zero charge, the black brane could be
extremal with near horizon of AdS2 as we just demonstrated. It means that at low tem-
perature the theory flows to an IR fixed point, where the theory may be governed by a
two-dimensional CFT.
3 Entanglement entropy
The aim of this section is to study the holographic entanglement entropy of a hyperscaling
violating charged black brane by making use of the AdS/CFT correspondence. To compute
the entanglement entropy via AdS/CFT correspondence one needs to minimize a surface
in the bulk gravity. More precisely, given a gravitational theory with the bulk Newton’s
constant GN , the holographic entanglement entropy is given by [30, 31]
SA =
Area(γA)
4GN
, (3.1)
where γA is the minimal surface in the bulk whose boundary coincides with the boundary
of the entangling region.
In this section we will only consider the extremal case where the temperature is zero and
therefore we will be able to study the effects of non-zero charge on the entanglement entropy.
In the non-extremal case where we have non-zero temperature, the results essentially reduce
to those in [25]. This is due to the fact that, in this case, the charge effects are subleading
to the thermal behavior of the entanglement entropy.
To proceed, let is consider a long strip in the dual theory given by
− ℓ
2
≤ x1 ≤ ℓ
2
, 0 ≤ xi ≤ L for i = 2, · · · , d. (3.2)
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The surface γA is defined by a hypersurface whose boundary coincides with the above strip
and has a profile in the bulk of the metric (2.25) given by x1 = x(r). The induced metric
on this hypersurface is
ds2in = ρ
2 θ
d
−2
[(
1
f(ρ)
+ x′(ρ)2
)
dρ2 + dx2i
]
, (3.3)
where we have made a change of coordinate, r = 1ρ , and prime now represents the derivative
with respect to ρ. Therefore the area of the hypersurface reads
A = Ld−1
∫
dρ ρθ−d
√
f−1 + x′2. (3.4)
As is well known, the above expression for the area may be treated as an action for a one
dimensional mechanical system where the momentum conjugate of the field x is conserved.
So that
x′√
f−1 + x′2
=
(
ρ0
ρ
)θ−d
, (3.5)
with ρ0 representing the turning point where x
′(ρ0)→∞. It is then easy to find the width
of the strip as follows
ℓ = 2ρ0
∫ 1
0
ξd−θf−1/2(ξ, ρ0/ρH)√
1− ξ2(d−θ)
, (3.6)
where
f(ξ,
ρ0
ρH
) = 1− 2(d+ z − θ − 1)
d+ z − θ − 2
(
ρ0
ρH
)d+z−θ
ξd+z−θ
+
d+ z − θ
d+ z − θ − 2
(
ρ0
ρH
)2(d+z−θ−1)
ξ2(d+z−θ−1). (3.7)
The area is then given by
A = Ld−1ρθ−d+10
∫ 1
ǫ
ρ0
ξθ−df−1/2(ξ, ρ0/ρH)√
1− ξ2(d−θ)
. (3.8)
Now the aim is to perform the above integrals and eliminate ρ0 to find the entanglement
entropy as a function of the width of the strip ℓ. Of course in general it cannot be done
analytically, though in special limits it it possible to do so.
Let’s assume that the width of strip is very small, which in turn results in the turning
point being much smaller than the radius of the horizon, i.e. ρ0 ≪ ρH . For this case when
θ 6= d− 1, at leading order, the finite part of the entanglement entropy is
Sfinite ≈ L
d−1ℓθ−d+1
4GN
(
1 + a0(z, d, θ)Q
d+z−θ
d+z−θ−1 ℓd+z−θ + a1(z, d, θ)Q2ℓ2(d+z−θ−1)
)
, (3.9)
while for θ = d− 1 the entanglement entropy exhibits a logarithmic violation of area law
S ≈ L
d−1
4GN
ln
ℓ
ǫ
+ c0(z, d)Q
z+1
z
Ld−1ℓz+1
4GN ǫz+1
+ c1(d, z)Q
2L
d−1ℓ2z
4GN ǫ2z
. (3.10)
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This is in fact a signature that the dual theory has an O(N2) Fermi surface which
can be probed by the enanglement entropy [24, 32]. Here ai(z, d, θ) and ci(z, d) are
numerical constants.
On the other hand if we want to consider a strip with large width, one should let the
hypersurface extend all the way to the deep IR region, i.e. ρ0 ∼ ρH . In this case, at leading
order, one arrives at
Sfinite ≈ L
d−1ℓ
4GN
Q
d−θ
d+z−θ−1 . (3.11)
It is worth mentioning that if we compute the Hawking entropy of the extremal charged
black brane the resultant entropy is
SH ∼ Vold
4Gn
Q
d−θ
d+z−θ−1 , (3.12)
which has the same behavior as the above entanglement entropy. Note that here Vold is
the volume of d dimensional space generated by ~x.
4 Charged fermion probe
In the previous section we have studied holographic entanglement entropy for theories
with hyperscaling violation. If the theory has an O(N2) Fermi surface, the holographic
entanglement entropy is able to probe it. Indeed, in this case the entanglement entropy
exhibits a logarithmic violation of the area law. Actually for the model we are studying
when θ = d−1 with or without charge, we have a logarithmic violation of area law, showing
that it has an O(N2) Fermi surface (see also [24, 32]).
On the other hand when θ 6= d−1, the entanglement entropy has a power law behavior
which indicates that the dual theory does not have an O(N2) Fermi surface. Nevertheless
one may wonder whether the model still has an O(N0) Fermi surface. Of course in this
case the entanglement entropy cannot probe the Fermi surface. In fact, to see whether the
system exhibits an O(N0) Fermi surface one could probe the system by a charged fermion.
Then to see a hint of a Fermi surface, one should look for a sharp behavior in the fermionic
retarded Green’s function at finite momentum and small frequencies [39–45] (for a review
see [46]).
In this section we will probe the extremal hyperscaling violating black brane geometry
by a charged fermion.5 This can be used to read off the retarded Green’s function of a
fermionic operator in the dual theory, which is a theory with hyperscaling violation at finite
density. Using the pole structure of the corresponding retarded Green’s function, we gain
an insight into whether, or not, a Fermi surface exists. Since we will have to deal with
fermions, for simplicity, we will only consider the four dimensional (d = 2) case. It is, of
course, straightforward to generalize our analysis here to arbitrary dimensions.
To proceed, let us consider a four dimensional charged Dirac fermion on the back-
ground (2.18) in the extremal limit
Sbulk =
∫
d4x
√−g iΨ¯
[
1
2
(
Γa
→
Da −
←
DaΓ
a
)
−m
]
Ψ. (4.1)
5Fermions in asymptotically Lifshitz geometries have been sudied in [34–38].
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Here ΓaDa = (eµ)
aΓµ[∂a +
1
4(ωρσ)aΓ
ρσ − iqA2 a], with Γµν = 12 [Γµ,Γν ].
It is important to note that in order to find the equations of motion for this action,
one needs to use the variational principle, which for a space with a boundary, always comes
with a proper boundary condition. Of course, the boundary term is not necessarily unique
and, indeed, for the above fermion action it was shown in [47] that there are numerous ways
to make use of different boundary terms to make the variational principle well-defined. Of
course, a given boundary term may break the symmetries of the model. In what follows
we will consider the standard boundary condition (in the notation of [47] ). The equation
of motion6 (
(eµ)
aΓµ
[
∂a +
1
4
(ωρσ)aΓ
ρσ − iqA2 a
]
−m
)
Ψ = 0. (4.2)
Here the non-zero components of the vielbeins and spin connections for the metric in
equation (2.18) are
(et)
a =
rθ/2−z√
f
δat , (er)
a = rθ/2+1
√
fδat , (ei)
a = rθ/2−1δai , (4.3)
and
(ωtr)a = − (r
2z−θ)′
2r(z − 1− θ)δat, (ωir)a =
2− θ
2
r
√
fδai. (4.4)
Then through the choice of Ψ = (−ggrr)−1/4e−iωt+ik.xψ(r) with g being the determinant
of the metric, the above equation of motion reduces to7[
rf1/2Γr∂r − i
rzf1/2
(
ω + qµ2
(
1− 1
rz−θ
))
Γt +
i
r
Γ · k − m
rθ/2
]
ψ(r) = 0, (4.5)
where µ2 = Q
√
2(2−θ)
z−θ e
−
√
2z−2−θ
4(z−θ)
φ0 . Note that we have normalized the gauge field in such
a way that it vanishes at the horizon.
To find the retarded Green’s function, we will utilize a numerical method to solve the
equation of motion. To proceed, it is useful to consider the following representation for the
four dimensional gamma matrices
Γr =
(
−σ3 0
0 −σ3
)
,Γt =
(
iσ1 0
0 iσ1
)
,Γ1 =
(
−σ2 0
0 σ2
)
,Γ2 =
(
0 −iσ2
iσ2 0
)
. (4.6)
Due to rotational symmetry in the spatial directions we may set k2 = 0. Then using
the notation
ψ =
(
Φ1
Φ2
)
, (4.7)
6As it is evident fron our solution, the background is charged under the second gauge field and the first
gauge is present to provide an anisotropic scaling along the time direction. Therefore in what follows we
consider a fermion which is charged under the second gauge field.
7Here we have set the radius of the horizon to one.
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the equation of motion (4.5) reduces to the following decoupled equations[
rf1/2∂r − 1
rzf1/2
(
ω + qµ2
(
1− 1
rz−θ
))
iσ2 +
m
rθ/2
σ3 − (−1)αk1
r
σ1
]
Φα = 0, (4.8)
for α = 1, 2. It is easy to see that
Φα ∼ aα
(
0
1
)
+ bα
(
1
0
)
, for r →∞. (4.9)
Note that the asymptotic behavior of different components of the fermions are independent
of m. This is in contrast to the Lifshitz case where we have [36]
Φα ∼ aαrm
(
0
1
)
+ bαr
−m
(
1
0
)
, for r →∞. (4.10)
Actually, this means that in our case we can use both standard and alternative quantization
to read the retarded Green’s function. In other words, one may consider either of aα or bα
as the source and the other as the response.
To find the retarded Green’s function, following [42], it is useful to set χ1 = ψ1/ψ2
and χ2 = ψ3/ψ4 where ψi’s are defined via Φ1 = (ψ1, ψ2),Φ2 = (ψ3, ψ4). These parameters
satisfy the following equations
rf1/2∂rχ1 +
2m
rθ/2
χ1 −
(
Ω
rzf1/2
+
k1
r
)
χ21 =
Ω
rzf1/2
− k1
r
,
rf1/2∂rχ2 +
2m
rθ/2
χ2 −
(
Ω
rzf1/2
− k1
r
)
χ22 =
Ω
rzf1/2
+
k1
r
, (4.11)
where
Ω = ω + qµ2
(
1− 1
rz−θ
)
. (4.12)
Using these equations the retarded Green’s function is essentially given in terms of functions
G1(k, ω) and G2(k, ω) where
8
Gα(k, ω) = lim
r→∞χα, for α = 1, 2. (4.13)
with the ingoing boundary condition imposed at the horizon, which in our notation is [42]
χα|horizon = i. (4.14)
More concretely, the corresponding retarded Green’s function may be given by
G(k, ω) = −
(
G1(k, ω) 0
0 G2(k, ω)
)
. (4.15)
Therefore the spectral function reads
A(k, ω) = 1
π
Im
(
G1(k, ω) +G2(k, ω)
)
. (4.16)
8Here we set k1 = k.
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Figure 1. The behavior of spectral functions the for hyperscaling violating geometry with θ =
1, z = 2 (left), and θ = 0.4, z = 1.4 (right). To compare the results with that of RN AdS black
brane we have also plotted this case which in our notation corresponds to θ = 0, z = 1 (see [42]).
Having found expressions for the retarded Green’s function, it is an easy task to further
determine its behavior as a function of k and ω. We have illustrated the behavior in figure 1
for m = 0, qµ2 =
√
3.
We have plotted the spectral function for θ = 1, z = 2 and θ = 0.4, z = 1.4. To
compare the results with those in the RN AdS case studied in [42], we have also plotted
this case as well. Note that in all cases we have z− θ = 1. Observe that since the retarded
Green’s function is an even function of k we only considered k > 0.
One observes that the effect of increasing θ or z, is to broaden the sharp peak repre-
senting the O(N0) Fermi surface. Moreover, as we see, even though for θ = 0.4, z = 1.4
the entanglement entropy does not exhibit a violation of area law, at the probe limit there
is almost a sharp peak in the fermionic retarded Green’s function which might indicate
that the system has a Fermi surface.
For z = 2 and θ = 1, where the entanglement entropy exhibits a violation of area law
indicating a Fermi surface at O(N2), we still have a peak in the spectral function around
ω ≈ 0, though it is not as sharp as that in the RN AdS black brane.
5 Optical conductivity
In this section we study the optical conductivity of a finite density system whose gravity
dual is given by (2.18). The local U(1) gauge field in the bulk is dual to a conserved current
of a global U(1) symmetry in the dual theory. In terms of the conserved current, the optical
conductivity can be obtained from the Kubo formula as follows
σ(ω) =
1
iω
〈J(ω)J(−ω)〉retarded, (5.1)
where J(ω) is the conserved current of the U(1) global symmetry evaluated at zero spatial
momentum. The right hand side can be calculated using the AdS/CFT correspondence.
Since we are working in the classical gravity regime, the leading contribution of the classical
fluctuations of the gauge field is of O(N2) which is due to the black brane background.
In particular, it is then interesting to determine the optical conductivity for the case of
θ = d− 1 where we have an O(N2) Fermi surface.
To proceed, we consider small fluctuations of the gauge field in the x1-direction, δAx1 ≡
a1. In general, turning on small fluctuations of the gauge field causes a back-reaction on the
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other fields of the model, so we have to solve the equations of motion for all the fluctuations.
More precisely one may have
A2 µ → A2 µδµ0 + aµ, gµν → gµν + hµν , φ→ φ+ δφ. (5.2)
Since we are interested in calculating the two point function, it is enough to expand the
action up to quadratic level in the fluctuations. To do so, it is convenient to first use the
gauge freedom and set hrµ = ar = 0. Moreover at the level we are interested in we may
set δφ = 0. With these assumptions it is straightforward to compute the quadratic terms
of the action from which we can read off the equations of motion for the fluctuations.
For our purpose, we will focus on the zero momentum case which means we may set
a1 = a(r)e
−iωt. In this case the gauge field fluctuations mix only with the htx component of
the metric fluctuations. Therefore we find two coupled differential equations. Nevertheless
one may eliminate htx from the equations leading to the following differential equation for
the gauge fluctuation:9
∂r
[√−geλ2φgrrgxxa′(r)]+ (Q2grrgtt√−ggxx − ω2
√−ggttgxxeλ2φ
)
a(r) = 0, (5.3)
where Q = √−geλ2φgttgrrF2 rt. For the solution (2.18) the above equation reads10
∂r[r
3(z−1)+d−θfa′(r)]−
[
2Q2(d− θ)(z − θ + d− 2)rz−3+θ−d − ω
2rz−θ+d−5
f
]
a(r) = 0.
(5.4)
Then for the special case of θ = d− 1 the equation reduces to
∂r[r
3z−2fa′(r)]−
[
2Q2(z − 1)rz−4 − ω
2rz−4
f
]
a(r) = 0,
with f = 1−
(
1 +
Q2
r2zH
)(rH
r
)z+1
+
Q2
r2z
. (5.5)
It is interesting to note that the dependence on θ and d drop out from the equation and it
simply depends on a given z.
Now the aim is to solve the above equation to find a solution with an ingoing boundary
condition at the horizon. Then the corresponding retarded Green’s function can be read
from the asymptotic behavior of the solution near the boundary. Indeed one finds
a ∼ A+ B
r3(z−1)
, (5.6)
for r →∞ and at the horizon we get
a ∼ (r − rh)
±i ω
2rzH
(z+1)r2z
H
−Q2(z−1) . (5.7)
9For more details see for example [50] and also appendix 6.B of [51].
10Note that in what follows, for simplicity, we have set φ0 = 0.
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Figure 2. The real and imaginary parts of the conductivity versus ω for a fixed temperature. To
find this plot we have set Q =
√
3, and rH = 1.25.
Therefore with a proper choice of the solution near the horizon (ingoing solution) the
retarded Green’s function is given by
〈J1(ω)J1(−ω)〉retarded ∼ B
A
. (5.8)
In order to find the retarded Green’s function we utilize numerical methods. To pro-
ceed, we note that the equation (5.5) has four free parameters, Q, ω, z and rH . In fact
setting z = 2, and using “NDSolve” in Mathematica the real and imaginary parts of the
conductivity as functions of frequency at a fixed temperature may be found as depicted in
figure 2.
The real part of the conductivity has the typical shape and from the imaginary part
of the conductivity we observe that there is a delta function behavior in the real part.
It is worth noting that the delta function behavior is an artifact of simplifications in the
gravity calculation which should be compared with a sample without impurities. Adding
impurities would broaden the delta function into a Drude peak. From the gravity point of
view, this can be done by imposing a non-trivial boundary condition on the source of an
operator at the boundary so that the translational invariance is broken. In this case, the
Drude peak will appear from gravity calculations as well [52].
On the other hand, for a fixed ω one can find the behavior of the conductivity as a
function of temperature. In particular, setting ω = 0.001, the real part of the conductivity
can be found numerically as shown in figure 3.
Again using numerical methods the best fit one finds for the real part of the conduc-
tivity is
Re(σ) ≈ −0.22 + 0.42rH . (5.9)
Of course one may use the expression of the Hawking tempereture to write the result in
terms of T . Indeed, doing so, one finds Re(σ) ≈ T 1/2.
6 Discussions
In this paper we have considered an EMD theory with a non-trivial potential for the
dilaton. We have found an analytic solution representing a hyperscaling violating charged
black brane solution. To do so, we have observed that the minimal model should contain at
– 14 –
J
H
E
P11(2012)137
1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0.0
0.5
1.0
1.5
rH
Re Σ
Figure 3. The real part of the conductivity versus rH for a fixed frequency. To find this plot we
have set Q =
√
3, and ω = 0.001. The numerical solution is shown by dots, while the best fit is
drawn by a red line.
least two gauge fields, one to produce an anisotropic scaling and the other to correspond to
a charge. It is known that to generate the required Lifshitz anisotropy, the first gauge field
always diverges at the boundary, while the second falls off as a normal gauge field. Although
in this paper we have only considered black branes with only one charge, we stress that
generalizations to black holes with more charges are expected to be straightforward [14].
Following the general thrust of the gauge/gravity philosophy, the resulting back-
ground (2.18) may provide gravity duals for strongly coupled theories with hyperscaling
violation at finite charge density and temperature. It is then natural to explore different
aspects of the theory by making use of gauge/gravity duality. Note that in order to study
the effect of the charge, we have only considered the extremal case. Of course, one could
have repeated the analysis for non-zero temperature, though the results at leading order
would be the same as those obtained in [25]. This is because the effects associated to the
charge are subleading. This can be seen, for example, in the expression of the tempera-
ture when expressed in terms of radius of the horizon. Moreover, the entropy of the black
branes (2.18) at leading order in charge is given by
S ∼ T d−θz
[
1 +
(d− θ)(d+ z − θ − 2)
z(d+ z − θ) Q
2 T
2(θ+1−d−z)
z
]
. (6.1)
An immediate observation is that in order to have positive specific heat, at leading order
we find the constraint d ≥ θ [25], which was our assumption throughout the present paper.
We have used the extremal solution (2.25) to compute the entanglement entropy for
a strip and we have been able to obtain the leading order correction to the entanglement
entropy due to non-zero charge. We have observed that, even with non-zero charge, when
θ = d − 1, the entanglement entropy, at leading order, exhibits a logarithmic violation of
area law indicating that the dual theory may have an O(N2) Fermi surface.11 This, of
course, would not exclude the possibility of having a Fermi surface of the order of one for
arbitrary values of θ.
11Another interesting observation is the charge dependence of the corrections is non-analytic.
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Indeed, in order to study an order one Fermi surface we have also to probe the extremal
background with a charged fermion. In the process, we have shown the retarded Green’s
function of the dual fermionic operator may have a pole in terms of a momentum for ω ≈ 0
indicating that there is the Fermi surface. We note, however, that as one increases θ or
z, the sharp peak becomes smooth and eventually, for large enough θ and/or z, the peak
disappears, suggesting that the system does not have a Fermi surface.
We have also studied optical conductivity at O(N2) order numerically for the case of
θ = d− 1 and z = 2. We have found that in this case the real part of the conductivity, at
leading order in charge, goes as T 1/2. Indeed, we could have done it for arbitrary θ, d and
z. In this case one finds
Re(σ) ∼ T d−θz . (6.2)
As we have already mentioned, at zero temperature the geometry will develop an
AdS2 geometry with a non-zero gauge field at the near-horizon limit. This indicates that
at low energy the theory is described by a two-dimensional CFT, which is dual to the
AdS2 geometry. However, due to the non-zero gauge field, the theory becomes unstable for
sufficiently large charges. This is due to the fact that the scaling dimensions of operators
in the dual theory become imaginary. If the operator is bosonic we would have bose
condensation, while for a fermionic operator it may back-react to modify the geometry.
Basically, the situation is very similar to that in a RN black hole [46].
It is also important to note that due to the hyperscaling violation and the behavior of
the dilaton field at large distances, the background (1.3) cannot provide a dual description
of a theory in all range of energies from UV to IR [48, 49] (see also [25]) . In fact, gravity
on the background (2.18) may be considered as an effective theory which is valid over an
intermediate energy scale.
What about string theory embeddings? We respond by echoing the sentiment of others
by saying that it would be interesting to see if one can embed our solution to string
theory. Here, to highlight that we do not expect this to be easy, we add some comments
about embeddings based on the well-known sphere-reductions of ten and eleven-dimensional
supergravity. In particular, we will focus on the truncations to U(1)2, U(1)3 and U(1)4
gauged supergravities without axions which exist in in seven, five and four-dimensions
respectively [53]. Starting with d = 5 in our notation, neglecting the obvious drawback
of it having a relatively more complicated potential, the U(1)2 seven-dimensional gauged
supergravity cannot be truncated further to a single scalar while retaining two independent
gauge fields, so we can quickly eliminate this case.
The potentials for d = 2, 3 are both of the form
V (φ) = V1e
γ1φ + V2e
γ2φ, (6.3)
and further truncations to a single scalar and two gauge fields can be found. So now we can
return to section 2 and generalize the potential by adding the required extra exponential
term. However, for these embeddings, if we require that one of the ρi of our ansatz is a free
parameter, such that it corresponds to the charge of a black hole, we find that the only
solution is α = −1, which we have already excluded from our solutions.
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So, the simplest truncations based on sphere-reductions do not allow for embeddings.
Given that we initially only considered an exponential potential, it seems promising that
one could embed this using a domain wall type set-up, since such simple potentials typically
arise there. However, we still require the exact field content of a single scalar and two gauge
fields. We leave further exploration to future work.
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